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This talk is based on a joint work with Wenlong Jiang and Yue

Zhou.
W,
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What is the Macdonald polynomials?
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Symmetric function ring

» In what follows, we fix F = Q(q,t) and let &,, be the symmetric
group on {1,...,n}.

» We say f € Flxy,...,x,] is a symmetric function, if

o(f) = (o), s Tom)) = f(w1,...,2,) foralloe&,.
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Symmetric function ring

» In what follows, we fix F = Q(q,t) and let &,, be the symmetric
group on {1,...,n}.

> Wesay f € Flzy,...,x,] is a symmetric function, if
o(f) = (o), s Tom)) = f(w1,...,2,) foralloe&,.

» A standard basis for the space of symmetric functions is the set of
monomial symmetric functions: let « := (x1,...,x,), for an integer
partition A, define

my(x) := Z AR A

aeN" | at=X\

where ot is the rearrangement of « in weakly decreasing order.
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Macdonald polynomials

Define a scalar product on Flx1,...,x,] by
(f.9)n = (£,9)qm = CT(f(ziq,)g(a™"5q7 " )W (2)),

where

H (/%)) o0 (9 /T ) 0

eiren (t2i /25 )00 (qtTi /5 )00

is the weight function.
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Macdonald polynomials

The symmetric Macdonald polynomials Py (z;q,t) are the unique
symmetric functions such that

> (Pr(z:q,t), Pu(x5q,t))n =0 if X#p
> PA(I; q,t) =my + ZH<A CapMy, Cxp € F,

with respect to the dominance order on partitions.

The nonsymmetric Macdonald polynomials E, (x;q,t) € Flzq, ..., 2,],
v € N™ are the unique polynomials such that

> (E,(x;q,t),Ey(x;q,t)n =0 ifv#n
> El/(z; Q7t) ="+ Z'r]—<1/ CVWxn’ Cun € F’

with respect to the Bruhat order on compositions.
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Symmetric functions, especially the Macdonald polynomials, and
constant term identities are deeply associated with each other. Their
connection appears in:

» Macdonald constant term conjecture;
» Dyson orthogonality problem;

» Selberg type integral;
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The Selberg integral (1944)

In 1944, Atle Selberg gave a remarkable n dimensional generalization of
the Euler Beta integral:

1 1n
/ / [Tes =) I @i—a)>das - day,
0 0 =1

1<i<j<n

)

1:[ (a+37)T(B 4+ jnTA+ (5 +1)7)
o Fla+8+(n+j—Dy)IT(1+7)

where «, 3, are complex parameters such that Re(a) > 0, Re(5) > 0,
Re(y) > —min{1/n, Re(e)/(n — 1), Re(B)/(n — 1)}

@ A. Selberg, Bemerkninger om et multipelt integral (Remarks on a multiple
integral), Norsk Mat. Tidsskr. 26 (1944), 71-78.
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The Selberg integral

The Selberg integral has appeared in random matrix theory, analytic

number theory, enumerative combinatorics, conformal field theory,. . .

Figure: Atle Selberg

It is widely regarded as one of the most fundamental and important
hypergeometric integrals.

ﬁ P. J. Forrester, S. O. Warnaar, The importance of the Selberg integral,
Bull. Am. Math. Soc. 45 (2008) 489-534.
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g-Selberg integral

In 1980, Askey conjectured the next g-analogue of the Selberg integral:

/[01 Hxa Hqi) H x?"/(ql—vxi/xj)zydqxl...dqxn

1<i<j§n

()22 (3) ”ﬁ Ly(a+7( —1))(B+7( —1)I(1 +7j)
Ly(a+B+y(n+j—2)T(1+7)

)

Jj=0

Here )
1 —ag’

(@) = (@a): =[] Tt

§=0

is the g-shifted factorial, f[o 1Jn dq is the g-integral, and I'g(x) is the
g-Gamma function.

_ aqz+j

@ R. A. Askey, Some basic hypergeometric extensions of integrals of
Selberg and Andrews, SIAM J. Math. Anal.(1980).
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Equivalence to a constant term identity

This conjecture was proved independently by Habsieger and Kadell, who
also turned the g-integral into an equivalent constant term identity:

/[O 1]7LH$?_1(11961')&—1 [T =" " @i/z)2dea
’ =1

1<i<j<n

)

_ (34292 (3) "ﬁl Lg(a 470G = DI0(B+7G = D))0g(1+75)
=0 Pgla+B+v(n+7—2))Tq(1+7)

3
n a+(z 1)c+1) (

CzTH(l/xi)a(qmi)b H (l‘l/l‘]) qxj/xlc H Q)ic

1<i<j<n i=1 b+(z 1)0( )c

where a, b, c € N. Here CT means taking the constant term with respect
x

to x.
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@ L. Habsieger, Une g-intégrale de Selberg-Askey, SIAM J. Math.
Anal.(1988).

@ K. W. J. Kadell, A proof of Askey' s conjectured g-analogue of Selberg' s
integral and a conjecture of Morris, SIAM J. Math. Anal.(1988).
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The g-Morris identity

The identity:

n a+(z 1)c+1) (

CTH 1/x:)a(qzi)p H (wi/xj)c(qrj/as)e = H 0ic

1<i<j<n o1 (@oi(i-1e(@)e

and its equivalence to the ¢-Selberg integral were first conjectured by
Morris in his Ph.D. thesis. For this reason, the above identity is now
commonly referred to as the Habsieger—Kadell g-Morris identity, or
g-Morris identity for short.

@ W. G. Morris, Constant Term Identities for Finite and Affine Root System:
Conjectures and Theorems, Ph.D. thesis, University of
Wisconsin—Madison, 1982.
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The Kadell's integral

Let X\ be an integer partition and PA(l/A’) (x) be the Jack polynomial. Then

1 -1 2
/[0,1]k P)(\ M Hw (1 —z)° H (i —xj)7 do

1<i<j<k
1/v) ﬁF a+( fi)'y+)\v) (/5'+(i— 1)7)F(1+i'y)
i=1 O‘+6+(2k—l—1)y+)\)r(1+,y) )

where Re(a) > —Ag, Re(8) >0, Re(y) > .... The above identity was

proved by Kadell in 1987; at the time he didn't notice that P{*/") is

actually the Jack polynomial, so he called such a polynomial the "Selberg

polynomial”.

@ K.W.J. Kadell, The Selberg—Jack symmetric functions, Adv. Math. 130
(1997) 33-102.
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Kadell's Problem

For a few partitions of small size Kadell was able to show that a
g-analogue of the Jack symmetric functions existed which featured in a
g-analogue of his extension of Selberg integral. He posed the problem:

“finding g-analogues of these polynomials for all partitions”.

k
1 o— _
/[01]kP§/”><x>Hwi fa—z) 7 [ @i—ay)*de =
[ i=1

1<i<j<k
\
n
-1 2 1—
/ 7 H“Tla (qzi)p-1 H 25 (@ T wi/xg)2ndgr = -
(0.1 i=1 1<i<j<n
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The Macdonald integral

The answer to Kadell's problem was soon given by Macdonald in his
book.

n
/( LR [T eos T o @ ai/eondge
0,1)" i=1

1<i<j<n

:qpﬁFq(&+a+(i—1)k)Fq(b+(i—l)k) 11 LgAi = Aj+ (G —i+ DE)
i=1

T tatbt(n+i=2k) i (=X + (G — k)

Oxford Clasic Toxs
ity

Symmetric
Functions and
Hall Polynomials

1. G. Macdonald
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What problem do we care about?
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Nonsymmetric generalization

In 1995, Baker and Forrester conjectured that: for nonnegative integers
a, b, c and positive integers m < n, there holds

CwT H($0/$i)a(q$i/9€o)b H (@i/25) e (6,5 <m) QTG /Ti) etne (i <m)

=1 1<i<j<n
n—1

= 1:[ (i+1)et+x(i>n—m)(i—n+m)
i=0 (q)iC+X(iZ”*m)(i*n+m)+b(Q)c+X(i>nfm)

m—1
~ H (z+1 c+1)).
=1

(qic+x(i2n—m) (i—n+m)+a+1 ) (q)

This conjecture was proved in 2015 by Karolyi et.al.

@ T. H. Baker and P. J. Forrester, Generalizations of the q-Morris constant
term identity, J. Comb. Theory A (1998).

@ G. Karolyi, Z. L. Nagy, F. V. Petrov, and V. Volkov, A new approach to
constant term identities and Selberg-type integrals, Adv. Math. (2015).

18/43



Main Question:

Kadell:

CTP(I/”) D[ -1z =) [ (O —wifay)=--
=1

1<i#j<n

Macdonald:

CT P)\ aQa H 1/1'1 qxz H (xi/zj)c(qxj/xi)c =
=1

1<i<j<n
4

CmT ? XH(l/%)a(qxi)b H (Ti/%5)crx(j<m) (@25 /i) e x(G<m)

i=1 1<i<j<n

Is there any object featured in the Baker—Forrester's constant term?
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Based on computer data, we find that the next constant term has a nice
product form when £(\) < m.

CcT P,\<

B 1 — qc B . n
Xml + 1_qc+1Xn\1m:| 34,4 +1) H(l/mz)a(qxz)b

i=1

< JI @ife)erxgem (@2 erxGem =

1<i<j<n
where
—1 —1 -1 —1 -1 -1
X, =z A+, Xn\m =Tt T,
U
n
( l Px(z” "5 q,4° H 1/x:)a(qxs) H (zi/xj)e(qa;/zi)e =+ .

i=1 1<i<j<n

when m =n,c+— c— 1.

20/43



"What is the connection between the BF-constant term and
the Macdonald polynomial theory?”
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An observation

_ 1 _ qC _ n
CT Py ( Xml + 1qc+1X’ﬂ\1m:| > H 1/$z a qxz
o _
im1
< I @i/es)eixiom (@85/2) crxi<m)
1<i<j<n
4
-1 1—q¢ . e+l —e 1 1
CQCT Py Xm +ﬁxn\m 34,4 H (¢ “; —Z; )
q 1<i<j<m
«q?®) TT « o) [T z)ataz)e T (@ifes)elan;/a)e.
1<i<j<m i=1 1<i<j<n

This observation leads us to consider the Hecke anti-symmetrization on
the variables =1, ..., 2,.
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What is the Hecke symmetrization and
anti-symmetrization?
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The Hecke symmetrization and anti-symmetrization are t-deformation of

the usual ones:

S(Xn) .— Z - AXn) .— Z (-1)" 4o
o€Sy oESy
> Fori=1,...,n—1, let s; = (i,i + 1) be the transposition and
define
T, =t Lot (si—1)
1*31+1_Ii/xi+151_
be the operator that acts on F[zq,...,z,].

» For o € G,, with reduced word decomposition s;, - - - s;,, define

T, =T Ty,
Note: T,|i=1 = 0.
I
s& =31, A = 37 (—) 7T,
o€ES, oESy
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Example

let 6™ ;= (n—1,...,2,1,0) be the staircase partition, we have
AR @y = 3 ()o@ = ] (i —ay).
oc€Sn 1<i<j<n
\
AT @) = ST (O, = [ (- )
oeS, 1<i<j<n

We refer Ay(X,) = [[,<;j<n (tzi — ;) as the t-Vandermonde
determinant. o
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Example
Let n € N” and E, (z;q,t) be the nonsymmetric Macdonald polynomials,
then

> S;X")En(x;q,t) = ¢y P+ (23, 1);

Xn
> .Ag )En_H;n(gc;q, t) = ¢, Py (; q,qz‘)Kl;[‘< (tz; — x;).
<i<j<n

When t = ¢¢, we have

XW, C C C
AV Ey 50 (24,0°) = ¢, Pa(3¢,¢°7) I gz — ).

1<i<j<n

Quite familiar?
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Example
Let n € N*, E,(z;q,t) be the nonsymmetric Macdonald polynomials.
Then

> S B (w;0,1) = ep Py (33, 1);

> AV, o (254,1) = ¢ Py (4,08 Ae( X))
When t = ¢°, we have

X,
A By (74,0°) = ¢ Pa(w;q,0°) T (exi— ).
1<i<j<n

What we just considered is :

1—q°
1 -1 | . e+l e
CT Py < Xom™ + 1_qc+1X7L\m] 34,9 ) H ( zi —z;7)

1<i<j<m
«q?B)TT « o) [T0/x)ataz)e T (wifas)elan; /).
1<7j<j<m i=1 1<i<j<n
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Question

It is now natural to conjecture that, for integer partition A with
£(X\) < m, there holds

q(1—1)

AEXM)E(AHW,O"*"I)(% q,t) = CAP/\([Xm T3z pm

Xn\m] 1 q, qt) A(Xm)

for some c) € F.
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Previous Work
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» In 2000, Baker—Dunkl-Forrester proved that, for partition £ with
(&) <n—m, & < m, there holds:

Xn\m
gXM)St( ' )E(ém,ﬁ) (1'; q, t) = CgAt(Xm)PE([Xn\m} i qt, t>~

» In 2015, based on their studies on Macdonald polynomials in
super-space, O. Blondeau-Fournier, L. Lapointe and P. Mathieu,
showed that, for partitions A and £ with £(A\) < m, ¢(§) < n —m,

m) o(Xn\m)
AEX >St V" Easm e (59, t)

= ey 306 P ([ + B ) Pe ([ 1)

when [\ + [£] < min{m,n — m}.

Here:

5™ = (m—1,...,1,0),
(5ma§) = (m_17"'a1707£17~-~7€n—7n)7
()\+6m,§) = ()\1 —l—m,...,)\m,l+1,)\m,§1,...,§n,m).
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» In 2000, Baker-Dunkl-Forrester proved that, for partition £ with
(&) <n—m, & < m, there holds:

m X”L m
A )E(ﬁm,f)(l‘;%t):CﬁAt(Xm)Pﬁ([Xn\m};qtat)-

» In 2015, based on their studies on Macdonald polynomials in
super-space, O. Blondeau-Fournier, L. Lapointe and P. Mathieu,
showed that, for partitions A and & with £(A\) < m, £(§) < n —m,

Xm) oXn\m)
AF SN By sm e (234, 1)

q(1—1)
1—qt

= cx,e A¢(Xom) Pa ( [Xm + Xn\m] 1 q, qt) P ( [Xn\m] s qt, t)

when || + [£| < min{m,n —m}.

» Recently, we prove by a constant term method that

q(l—t
A,EX’"')E()\Mm,’On,_m,)(x; q,t) = e (Xm) Py ( [Xm-i'i_iqt)Xn\M} 14, qt)

holds when £(\) < m.
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We conclude these three results as the next theorem.

Theorem

Let n,m be positive integers such that m < n, A\, & be partitions such

that {(A) <m, £(§) <n —m, and n:= (A4 0™,&). Then we can write
A SN B (14, 1)

= ey 30 6) P ([ + B ) P ([ 1)

in the following cases:

1. £ = 0; (what we just conjecture and proved)
2. A=0 and & < m, (Baker et.al.)

3. M6 #0, and [N + €] < min{n —m,m} (O. Blondeau-Fournier
et.al.).

Here c,, € F is a nonzero constant.
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Application

1—g¢°
1 -1 . c+1 -1
CxT PA < X.m + 1_qc+lX7L\’”L:| 14,4 ) Aqfc(Xm )
g G T @i—a e [[0 malards [T @ifws)elans /o)
1<i<j<m =1 1<i<j<n
4

x [[/zalgz)e  [] @i/ws)elgz;/@i)e.

i=1 1<i<j<n

The problem then reduces to the relation between the nonsymmetric
Macdonald polynomials and the g-Morris type constant term identity.
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We go further on this problem
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3. The Alba-Fateev-Litvinov-Tarnopolskiy (AFLT) integral In 2011, in
attempt to solve the AGT conjecture, Alba-Fateev-Litvinov-Tarnopolskiy
obtain the following integral:

k

/[ AT @R gy - [ [T 0 e) ] () de
0,1

i=1 1<i<j<k

= PV KPS [k + By — 1]

a+ (k—1i)y+\)D(B+ (i — 1)7)D(1 + i)
(a+B8+2k—1—i—1)y+X)I(1+7)

—
—_

r
S T(a+ B+ 2k —i—j— 1)y + X+ py)
<M1 Da+ B+ (2k —i— )7+ Xi + )

I

where [ is an arbitrary integer such that [ > ¢(u).

@ V.A. Alba, V.A. Fateev, A.V. Litvinov, G.M. Tarnopolskiy, On
combinatorial expansion of the conformal blocks arising from AGT
conjecture, Lett. Math. Phys. 98 (2011) 33-64.
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4. AFLT-type g-Selberg integral For A € P, u € P, and a,b,q,t € C
such that |bl, |q[, |t| < 1, there holds

1
< TI (2i/25,2j/#i@)o0_dz1  dzn

(tzi/zj,t25/2i5@) o0 21 Zn

1<i<j<n

1—1¢" 1—ptmt
— plAlglul . .
bt P)\<[1 t}ant)Pu([ ¢ ],q,t)

x ﬁ (tat" "' at' " /b,qt' " 'b/as q)so
(g, %, bt at'—g*i /b; q) oo

=1

«T ﬁ (at™ I N TR g) oo
I P y

i=1j=1 (atn=i=igitHi; q) s

where m is an arbitrary integer such that m > ¢(u), and Py(z;q,t) is
the Macdonald polynomial.

@ S. P. Albion, E. M. Rains and S. O. Warnaar, AFLT-type Selberg
integrals, Commun. Math. Phys. 388 (2021), 735-791.
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AFLT-type g-Morris identity

By the standard transformation between q-Selberg type integrals
and q-Morris type constant term identities, one can rewrite the
AFLT-type g-Selberg integral to an equivalent constant term
identity.

@ W. G. Morris, Constant Term Identities for Finite and Affine Root System:

Conjectures and Theorems, Ph.D. thesis, University of
Wisconsin—Madison, 1982.
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AFLT-type g-Morris identity

For nonnegative integers a, b, ¢ and partitions A and u, there holds

c—b—1 _ _a n

RTINS (L0 5
=1
< [[@o/zi)alazi/zo)y [ (wi/zs)e(qm;/mi)e
i=1 1<i<j<n
n NiH1) 1— q’ﬂC qcfbfl _ qa+nc
- O () [ )
( ) q A 1— ¢ 54,4 M 1—gq° y 4,4

() a+(n—i)e+X;+1 .
« ﬁ H(qb+(i—j—1)c—xi+uj+1+1) - 1 (g ( )b*)\i(q)lc.
i=1j=1 o i=1 (Q)b*‘(i—l)ﬂ—kﬁ-ul (@)e

The above identity reduces to the g-Morris identity when A\ = pu = ().
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The AFLT-type g-Baker—Forrester constant term
identity
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Let n, m be positive integers such that m < n, denote
Xm =21+ + T, Xn\m =Xyl T

and

Xote=ar v, X =+t

n\m

in plethystic notation.
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The AFLT-type g-Baker—Forrester constant term identity

For positive integers n, m such that m < n, and nonnegative integers
a,b, ¢, denote F,, ,,(x;a,b,c) to be

n

[T@o/zalazi/zo)s [T @i/zi)ernicm) (@5/T)crri<m)-

i=1 1<i<j<n

For partitions A, i1, £ such that £(\), 4(u) < m and ¢(§) < n —m, denote
Fn7m(a’ ba &) )‘a 57 /1’) to be

>\ - — C C
CTNHE MR (a,b, ) P (Xn\1m§q +17q>

T
iq qc“)
qc—b _a

X P)\ <
q q—qt 1
ﬁ$0 + X + ]-qCHXn\m‘| 1q,q° .

><PM< 1

C

1 —q -1
Xm + 1— chran\m
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Theorem 1.1. Let Fym(a,b, ¢, A&, 1) be defined in (1.7). If X and & satisfy at least one of
the three conditions:

(()E=0; ()A=0and& < (i) A & £0, and ]\ + |¢] < minfn —m,m},
then

(1.8)  Fam(a,bc,\ & )
— (1) T m gD IEHNDFTE () (A Dl =T (et o) = (")

1 — gt+n—Dectmta
% q

e-R

) [1 - q("‘m)c] plaat) [l — q”°+m]
1—¢° 1— qc+l 1— qc+1
e G L R [C) Py

ey (Q)i(c+l)—b—l—u1+)\1

e+l
pﬁqu ) [

-1

3

zs

(q(z J)(ct+1)— b—uﬁ-)\]“)

AL

1 1

i

<.
I

n n—i)c T ta
(qriettni+ )b_nj+X(igm)(m_i)(‘I)ic+x(i>n—m+1)(i—(n—m+1))

i=1 (q)(i—1)c+l>—nj+m,1+><(izn—m+1)(i-(n_m+1)WH,,H(tl')c+->((l'>n—m-1)7
Here n:= (A +6™,¢), 0™ := (m—1,...,1,0), and n* is the unique partition obtained by
rearranging the entries of n in decreasing order.
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End! Thanks!
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