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This talk is based on a joint work with Wenlong Jiang and Yue
Zhou.

(a) 蒋文龙 (b) 周岳
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What is the Macdonald polynomials?
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Symmetric function ring

▶ In what follows, we fix F = Q(q, t) and let Sn be the symmetric
group on {1, . . . , n}.

▶ We say f ∈ F[x1, . . . , xn] is a symmetric function, if

σ(f) := f(xσ(1), . . . , xσ(n)) = f(x1, . . . , xn) for all σ ∈ Sn.

▶ A standard basis for the space of symmetric functions is the set of
monomial symmetric functions: let x := (x1, . . . , xn), for an integer
partition λ, define

mλ(x) :=
∑

α∈Nn, α+=λ

xα1
1 · · ·xαn

n ,

where α+ is the rearrangement of α in weakly decreasing order.
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Macdonald polynomials

Define a scalar product on F[x1, . . . , xn] by

〈f, g〉n = 〈f, g〉q,t,n := CT
x

(
f(x; q, t)g(x−1; q−1, t−1)W (x)

)
,

where

W (x) = W (x; q, t) :=
∏

1≤i<j≤n

(xi/xj)∞(qxi/xj)∞

(txi/xj)∞(qtxi/xj)∞

is the weight function.
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Macdonald polynomials

The symmetric Macdonald polynomials Pλ(x; q, t) are the unique
symmetric functions such that
▶ 〈Pλ(x; q, t), Pµ(x; q, t)〉n = 0 if λ 6= µ

▶ Pλ(x; q, t) = mλ +
∑

µ<λ cλµmµ, cλµ ∈ F,

with respect to the dominance order on partitions.

The nonsymmetric Macdonald polynomials Eν(x; q, t) ∈ F[x1, . . . , xn],
ν ∈ Nn are the unique polynomials such that
▶ 〈Eν(x; q, t), Eη(x; q, t)〉n = 0 if ν 6= η

▶ Eν(x; q, t) = xν +
∑

η≺ν cνηx
η, cνη ∈ F,

with respect to the Bruhat order on compositions.
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Symmetric functions, especially the Macdonald polynomials, and
constant term identities are deeply associated with each other. Their
connection appears in:
▶ Macdonald constant term conjecture;
▶ Dyson orthogonality problem;
▶ Selberg type integral;

...
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The Selberg integral (1944)

In 1944, Atle Selberg gave a remarkable n dimensional generalization of
the Euler Beta integral:

∫ 1

0

· · ·
∫ 1

0

n∏
i=1

xα−1
i (1− xi)

β−1
∏

1≤i<j≤n

(xi − xj)
2γdx1 · · · dxn

=

n−1∏
j=0

Γ(α+ jγ)Γ(β + jγ)Γ(1 + (j + 1)γ)

Γ(α+ β + (n+ j − 1)γ)Γ(1 + γ)
,

where α, β, γ are complex parameters such that Re(α) > 0, Re(β) > 0,
Re(γ) > −min{1/n,Re(α)/(n− 1),Re(β)/(n− 1)}.

A. Selberg, Bemerkninger om et multipelt integral (Remarks on a multiple
integral), Norsk Mat. Tidsskr. 26 (1944), 71–78.
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The Selberg integral
The Selberg integral has appeared in random matrix theory, analytic

number theory, enumerative combinatorics, conformal field theory,. . .

Figure: Atle Selberg

It is widely regarded as one of the most fundamental and important
hypergeometric integrals.

P. J. Forrester, S. O. Warnaar, The importance of the Selberg integral,
Bull. Am. Math. Soc. 45 (2008) 489–534.
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q-Selberg integral
In 1980, Askey conjectured the next q-analogue of the Selberg integral:

∫
[0,1]n

n∏
i=1

xα−1
i (qxi)β−1

∏
1≤i<j≤n

x2γ
j (q1−γxi/xj)2γdqx1 · · · dqxn

= qαγ(
n
2)+2γ2(n3)

n−1∏
j=0

Γq(α+ γ(j − 1))Γq(β + γ(j − 1))Γq(1 + γj)

Γq(α+ β + γ(n+ j − 2))Γq(1 + γ)
,

Here
(a)z = (a; q)z :=

∞∏
j=0

1− aqj

1− aqz+j

is the q-shifted factorial,
∫
[0,1]n

dqx is the q-integral, and Γq(x) is the
q-Gamma function.

R. A. Askey, Some basic hypergeometric extensions of integrals of
Selberg and Andrews, SIAM J. Math. Anal.(1980).

10 / 43



Equivalence to a constant term identity

This conjecture was proved independently by Habsieger and Kadell, who
also turned the q-integral into an equivalent constant term identity:

∫
[0,1]n

n∏
i=1

xα−1
i (qxi)β−1

∏
1≤i<j≤n

x2γ
j (q1−γxi/xj)2γdqx

= qαγ
(
n
2

)
+2γ2

(
n
3

) n−1∏
j=0

Γq(α+ γ(j − 1))Γq(β + γ(j − 1))Γq(1 + γj)

Γq(α+ β + γ(n+ j − 2))Γq(1 + γ)
,

⇕

CT
x

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c =

n∏
i=1

(qa+(i−1)c+1)b(q)ic
(q)b+(i−1)c(q)c

,

where a, b, c ∈ N. Here CT
x

means taking the constant term with respect
to x.
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L. Habsieger, Une q-intégrale de Selberg–Askey, SIAM J. Math.
Anal.(1988).

K. W. J. Kadell, A proof of Askey’s conjectured q-analogue of Selberg’s
integral and a conjecture of Morris, SIAM J. Math. Anal.(1988).
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The q-Morris identity

The identity:

CT
x

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c =

n∏
i=1

(qa+(i−1)c+1)b(q)ic
(q)b+(i−1)c(q)c

and its equivalence to the q-Selberg integral were first conjectured by
Morris in his Ph.D. thesis. For this reason, the above identity is now
commonly referred to as the Habsieger–Kadell q-Morris identity, or
q-Morris identity for short.

W. G. Morris, Constant Term Identities for Finite and Affine Root System:
Conjectures and Theorems, Ph.D. thesis, University of
Wisconsin–Madison, 1982.
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The Kadell’s integral

Let λ be an integer partition and P
(1/γ)
λ (x) be the Jack polynomial. Then∫

[0,1]k
P

(1/γ)
λ (x)

k∏
i=1

xα−1
i (1− xi)

β−1
∏

1≤i<j≤k

(xi − xj)
2γ dx

= P
(1/γ)
λ (1, . . . , 1)

k∏
i=1

Γ
(
α+ (k − i)γ + λi

)
Γ
(
β + (i− 1)γ

)
Γ(1 + iγ)

Γ
(
α+ β + (2k − i− 1)γ + λi

)
Γ(1 + γ)

,

where Re(α) > −λk, Re(β) > 0, Re(γ) > . . .. The above identity was
proved by Kadell in 1987; at the time he didn’t notice that P (1/γ)

λ is
actually the Jack polynomial, so he called such a polynomial the ”Selberg
polynomial”.

K.W.J. Kadell, The Selberg–Jack symmetric functions, Adv. Math. 130
(1997) 33–102.
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Kadell’s Problem

For a few partitions of small size Kadell was able to show that a
q-analogue of the Jack symmetric functions existed which featured in a
q-analogue of his extension of Selberg integral. He posed the problem:

”finding q-analogues of these polynomials for all partitions”.

∫
[0,1]k

P
(1/γ)
λ (x)

k∏
i=1

xα−1
i (1− xi)

β−1
∏

1≤i<j≤k

(xi − xj)
2γ dx = · · ·

⇓∫
[0,1]n

? ×
n∏

i=1

xα−1
i (qxi)β−1

∏
1≤i<j≤n

x2γ
j (q1−γxi/xj)2γdqx = · · ·
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The Macdonald integral
The answer to Kadell’s problem was soon given by Macdonald in his
book.

∫
(0,1)n

Pλ(x; q, t)

n∏
i=1

xα−1
i (qxi)β−1

∏
1≤i<j≤n

x2γ
j (q1−γxi/xj)2γdqx

= qF
n∏

i=1

Γq(λi + a+ (i− 1)k)Γq(b+ (i− 1)k)

Γq(λi + a+ b+ (n+ i− 2)k)

∏
1≤i<j≤n

Γq(λi − λj + (j − i+ 1)k)

Γq(λi − λj + (j − i)k)
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What problem do we care about?
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Nonsymmetric generalization
In 1995, Baker and Forrester conjectured that: for nonnegative integers
a, b, c and positive integers m ≤ n, there holds

CT
x

n∏
i=1

(x0/xi)a(qxi/x0)b
∏

1≤i<j≤n

(xi/xj)c+χ(i,j≤m)(qxj/xi)c+χ(i,j≤m)

=

n−1∏
i=0

(qic+χ(i≥n−m)(i−n+m)+a+1)b(q)(i+1)c+χ(i>n−m)(i−n+m)

(q)ic+χ(i≥n−m)(i−n+m)+b(q)c+χ(i>n−m)

×
m−1∏
i=1

(1− q(i+1)(c+1)).

This conjecture was proved in 2015 by Károlyi et.al.
T. H. Baker and P. J. Forrester, Generalizations of the q-Morris constant
term identity, J. Comb. Theory A (1998).

G. Károlyi, Z. L. Nagy, F. V. Petrov, and V. Volkov, A new approach to
constant term identities and Selberg-type integrals, Adv. Math. (2015).
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Main Question:
Kadell:

CT
x

P
(1/γ)
λ (x−1)

n∏
i=1

(1− 1/xi)
a(1− xi)

b
∏

1≤i ̸=j≤n

(1− xi/xj)
c = · · ·

⇓

Macdonald:

CT
x

Pλ(x
−1; q, qc)

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c = · · ·

⇓

CT
x

? ×
n∏

i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c+χ(j≤m)(qxj/xi)c+χ(j≤m)

Is there any object featured in the Baker–Forrester’s constant term?
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Based on computer data, we find that the next constant term has a nice
product form when ℓ(λ) < m.

CT
x

Pλ

([
X−1

m +
1− qc

1− qc+1
X−1

n\m

]
; q, qc+1

)
n∏

i=1

(1/xi)a(qxi)b

×
∏

1≤i<j≤n

(xi/xj)c+χ(j≤m)(qxj/xi)c+χ(j≤m) = · · · ,

where

X−1
m := x−1

1 + · · ·+ x−1
m , X−1

n\m := x−1
m+1 + · · ·+ x−1

n .

⇓

CT
x

Pλ(x
−1; q, qc)

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c = · · · .

when m = n, c 7→ c− 1.
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”What is the connection between the BF-constant term and
the Macdonald polynomial theory?”
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An observation

CT
x

Pλ

([
X−1

m +
1− qc

1− qc+1
X−1

n\m

]
; q, qc+1

)
n∏

i=1

(1/xi)a(qxi)b

×
∏

1≤i<j≤n

(xi/xj)c+χ(j≤m)(qxj/xi)c+χ(j≤m)

⇓

CT
x

Pλ

([
X−1

m +
1− qc

1− qc+1
X−1

n\m

]
; q, qc+1

) ∏
1≤i<j≤m

(q−cx−1
i − x−1

j )

× qc(
m
2
) ∏
1≤i<j≤m

(xi − qc+1xj)

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c.

This observation leads us to consider the Hecke anti-symmetrization on
the variables x1, . . . , xm.
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What is the Hecke symmetrization and
anti-symmetrization?
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The Hecke symmetrization and anti-symmetrization are t-deformation of
the usual ones:

S(Xn) :=
∑

σ∈Sn

σ A(Xn) :=
∑

σ∈Sn

(−1)−ℓ(σ)σ

▶ For i = 1, . . . , n− 1, let si = (i, i+ 1) be the transposition and
define

Ti = tsi +
1− t

1− xi/xi+1
(si − 1)

be the operator that acts on F[x1, . . . , xn].
▶ For σ ∈ Sn with reduced word decomposition si1 · · · siℓ , define

Tσ := Ti1 · · ·Tiℓ .

Note: Tσ|t=1 = σ.

⇓

S(Xn)
t :=

∑
σ∈Sn

Tσ A(Xn)
t :=

∑
σ∈Sn

(−t)−ℓ(σ)Tσ.
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Example
let δn := (n− 1, . . . , 2, 1, 0) be the staircase partition, we have

A(Xn)(xδ) =
∑
σ∈Sn

(−1)−ℓ(σ)σ(xδn) =
∏

1≤i<j≤n

(xi − xj).

⇓

A(Xn)
t (xδ) =

∑
σ∈Sn

(−t)−ℓ(σ)Tσ(x
δn) =

∏
1≤i<j≤n

(txi − xj)

We refer ∆t(Xn) =
∏

1≤i<j≤n(txi − xj) as the t-Vandermonde
determinant.
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Example
Let η ∈ Nn and Eη(x; q, t) be the nonsymmetric Macdonald polynomials,
then
▶ S(Xn)

t Eη(x; q, t) = cηPη+(x; q, t);

▶ A(Xn)
t Eη+δn(x; q, t) = c′ηPη+(x; q, qt)

∏
1≤i<j≤n

(txi − xj).

When t = qc, we have

A(Xn)
qc Eη+δn(x; q, q

c) = c′ηPλ(x; q, q
c+1)

∏
1≤i<j≤n

(qcxi − xj).

Quite familiar?
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Example
Let η ∈ Nn, Eη(x; q, t) be the nonsymmetric Macdonald polynomials.
Then
▶ S(Xn)

t Eη(x; q, t) = cηPη+(x; q, t);

▶ A(Xn)
t Eη+δn(x; q, t) = c′ηPη+(x; q, qt)∆t(Xn).

When t = qc, we have

A(Xn)
qc Eη+δn(x; q, q

c) = c′ηPλ(x; q, q
c+1)

∏
1≤i<j≤n

(qcxi − xj).

What we just considered is :

CT
x

Pλ

([
X−1

m +
1− qc

1− qc+1
X−1

n\m

]
; q, qc+1

) ∏
1≤i<j≤m

(q−cx−1
i − x−1

j )

× qc(
m
2
) ∏
1≤i<j≤m

(xi − qc+1xj)

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c.
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Question

It is now natural to conjecture that, for integer partition λ with
ℓ(λ) < m, there holds

A(Xm)
t E(λ+δm,0n−m)(x; q, t) = cλPλ

([
Xm +

q(1− t)

1− qt
Xn\m

]
; q, qt

)
∆t(Xm)

for some cλ ∈ F.
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Previous Work

29 / 43



▶ In 2000, Baker–Dunkl–Forrester proved that, for partition ξ with
ℓ(ξ) ≤ n−m, ξ1 ≤ m, there holds:

A(Xm)
t S(Xn\m)

t E(δm,ξ)(x; q, t) = cξ∆t(Xm)Pξ

([
Xn\m

]
; qt, t

)
.

▶ In 2015, based on their studies on Macdonald polynomials in
super-space, O. Blondeau-Fournier, L. Lapointe and P. Mathieu,
showed that, for partitions λ and ξ with ℓ(λ) ≤ m, ℓ(ξ) ≤ n−m,

A(Xm)
t S(Xn\m)

t E(λ+δm,ξ)(x; q, t)

= cη∆t(Xm)Pλ

([
Xm +

q(1− t)

1− qt
Xn\m

]
; q, qt

)
Pξ

([
Xn\m

]
; qt, t

)
when |λ|+ |ξ| ≤ min{m,n−m}.

Here:

δm = (m− 1, . . . , 1, 0),

(δm, ξ) = (m− 1, . . . , 1, 0, ξ1, . . . , ξn−m),

(λ+ δm, ξ) = (λ1 +m, . . . , λm−1 + 1, λm, ξ1, . . . , ξn−m).
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▶ In 2000, Baker–Dunkl–Forrester proved that, for partition ξ with
ℓ(ξ) ≤ n−m, ξ1 ≤ m, there holds:

A(Xm)
t S(Xn\m)

t E(δm,ξ)(x; q, t) = cξ∆t(Xm)Pξ

([
Xn\m

]
; qt, t

)
.

▶ In 2015, based on their studies on Macdonald polynomials in
super-space, O. Blondeau-Fournier, L. Lapointe and P. Mathieu,
showed that, for partitions λ and ξ with ℓ(λ) ≤ m, ℓ(ξ) ≤ n−m,

A(Xm)
t S(Xn\m)

t E(λ+δm,ξ)(x; q, t)

= cλ,ξ∆t(Xm)Pλ

([
Xm +

q(1− t)

1− qt
Xn\m

]
; q, qt

)
Pξ

([
Xn\m

]
; qt, t

)
when |λ|+ |ξ| ≤ min{m,n−m}.

▶ Recently, we prove by a constant term method that

A(Xm)
t E(λ+δm,0n−m)(x; q, t) = cλ∆t(Xm)Pλ

([
Xm+

q(1− t)

1− qt
Xn\m

]
; q, qt

)
holds when ℓ(λ) < m.
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We conclude these three results as the next theorem.
Theorem
Let n,m be positive integers such that m ≤ n, λ, ξ be partitions such
that ℓ(λ) < m, ℓ(ξ) ≤ n−m, and η := (λ+ δm, ξ). Then we can write

A(Xm)
t S(Xn\m)

t Eη(x; q, t)

= cη∆t(Xm)Pλ

([
Xm +

q(1− t)

1− qt
Xn\m

]
; q, qt

)
Pξ

([
Xn\m

]
; qt, t

)
in the following cases:
1. ξ = ∅; (what we just conjecture and proved)
2. λ = ∅ and ξ1 ≤ m; (Baker et.al.)
3. λ, ξ 6= ∅, and |λ|+ |ξ| ≤ min{n−m,m} (O. Blondeau-Fournier

et.al.).
Here cη ∈ F is a nonzero constant.
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Application

CT
x

Pλ

([
X−1

m +
1− qc

1− qc+1
X−1

n\m

]
; q, qc+1

)
∆q−c(X

−1
m )

× qc(
m
2
) ∏
1≤i<j≤m

(xi − qc+1xj)

n∏
i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c.

⇓

∑
α∈Nn

∑
η∈Nn

η+=λ+δm

CT
x

xαEη(x
−1; q−1, q−c)

×
n∏

i=1

(1/xi)a(qxi)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c.

The problem then reduces to the relation between the nonsymmetric
Macdonald polynomials and the q-Morris type constant term identity.
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We go further on this problem
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3. The Alba-Fateev-Litvinov-Tarnopolskiy (AFLT) integral In 2011, in
attempt to solve the AGT conjecture, Alba-Fateev-Litvinov-Tarnopolskiy
obtain the following integral:∫

[0,1]k
P

(1/γ)
λ (x)P (1/γ)

µ [x+ β/γ − 1]
k∏

i=1

xα−1
i (1− xi)

β−1
∏

1≤i<j≤k

(xi − xj)
2γ dx

= P
(1/γ)
λ [k]P (1/γ)

µ [k + β/γ − 1]

×
k∏

i=1

Γ
(
α+ (k − i)γ + λi

)
Γ
(
β + (i− 1)γ

)
Γ(1 + iγ)

Γ
(
α+ β + (2k − l − i− 1)γ + λi

)
Γ(1 + γ)

×
k∏

i=1

l∏
j=1

Γ
(
α+ β + (2k − i− j − 1)γ + λi + µj

)
Γ
(
α+ β + (2k − i− j)γ + λi + µj

) ,

where l is an arbitrary integer such that l ⩾ ℓ(µ).
V.A. Alba, V.A. Fateev, A.V. Litvinov, G.M. Tarnopolskiy, On
combinatorial expansion of the conformal blocks arising from AGT
conjecture, Lett. Math. Phys. 98 (2011) 33–64.
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4. AFLT-type q-Selberg integral For λ ∈ Pn, µ ∈ P , and a, b, q, t ∈ C
such that |b|, |q|, |t| < 1, there holds

1

n!(2πi)n

∫
Tn

Pλ(z; q, t)Pµ

([
z +

t− b

1− t

]
; q, t

) n∏
i=1

(a/zi, qzi/a; q)∞
(b/zi, zi; q)∞

×
∏

1≤i<j≤n

(zi/zj , zj/zi; q)∞
(tzi/zj , tzj/zi; q)∞

dz1
z1

· · · dzn
zn

= b|λ|t|µ|Pλ

([
1− tn

1− t

]
; q, t

)
Pµ

([
1− btn−1

1− t

]
; q, t

)
×

n∏
i=1

(t, atn−m−iqλi , at1−i/b, qti−1b/a; q)∞
(q, ti, bti−1, at1−iqλi/b; q)∞

×
n∏

i=1

m∏
j=1

(atn−i−j+1qλi+µj ; q)∞

(atn−i−jqλi+µj ; q)∞
,

where m is an arbitrary integer such that m ≥ ℓ(µ), and Pλ(x; q, t) is
the Macdonald polynomial.

S. P. Albion, E. M. Rains and S. O. Warnaar, AFLT-type Selberg
integrals, Commun. Math. Phys. 388 (2021), 735–791.
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AFLT-type q-Morris identity

By the standard transformation between q-Selberg type integrals
and q-Morris type constant term identities, one can rewrite the
AFLT-type q-Selberg integral to an equivalent constant term
identity.

W. G. Morris, Constant Term Identities for Finite and Affine Root System:
Conjectures and Theorems, Ph.D. thesis, University of
Wisconsin–Madison, 1982.
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AFLT-type q-Morris identity

For nonnegative integers a, b, c and partitions λ and µ, there holds

CT
x

x
|λ|−|µ|
0 Pλ(x

−1; q, qc)Pµ

([qc−b−1 − qa

1− qc
x0 +

n∑
i=1

xi

]
; q, qc

)
×

n∏
i=1

(x0/xi)a(qxi/x0)b
∏

1≤i<j≤n

(xi/xj)c(qxj/xi)c

= (−1)|λ|q
∑n

i=1 (
λi+1

2
)−cn(λ)Pλ

([1− qnc

1− qc

]
; q, qc

)
Pµ

([qc−b−1 − qa+nc

1− qc

]
; q, qc

)
×

n∏
i=1

ℓ(µ)∏
j=1

(qb+(i−j−1)c−λi+µj+1+1)µj−µj+1

n∏
i=1

(qa+(n−i)c+λi+1)b−λi(q)ic

(q)b+(i−1)c−λi+µ1
(q)c

.

The above identity reduces to the q-Morris identity when λ = µ = ∅.
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The AFLT-type q-Baker–Forrester constant term
identity
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Let n,m be positive integers such that m ≤ n, denote

Xm := x1 + · · ·+ xm, Xn\m := xm+1 + · · ·+ xn

and
X−1

m := x−1
1 + · · ·+ x−1

m , X−1
n\m := x−1

m+1 + · · ·+ x−1
n

in plethystic notation.
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The AFLT-type q-Baker–Forrester constant term identity
For positive integers n,m such that m ≤ n, and nonnegative integers
a, b, c, denote Fn,m(x; a, b, c) to be

n∏
i=1

(x0/xi)a(qxi/x0)b
∏

1≤i<j≤n

(xi/xj)c+χ(j≤m)(qxj/xi)c+χ(j≤m).

For partitions λ, µ, ξ such that ℓ(λ), ℓ(µ) < m and ℓ(ξ) ≤ n−m, denote
Fn,m(a, b, c, λ, ξ, µ) to be

CT
x

x
|λ|+|ξ|−|µ|
0 Fn,m(x; a, b, c)Pξ

(
X−1

n\m; qc+1, qc
)

× Pλ

([
X−1

m +
1− qc

1− qc+1
X−1

n\m

]
; q, qc+1

)

× Pµ

([
qc−b − qa

1− qc+1
x0 +Xm +

q − qc+1

1− qc+1
Xn\m

]
; q, qc+1

)
.
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End! Thanks!
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